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Atomic measures

For x € R, J, stands for the Dirac measure supported on x.
Finitely atomic positive measure on R :

£
p=> pibg, pj>0,x€R
j=1

The points x; are called atoms of the measure i and the constants p; the
corresponding densities.
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Atomic measures

For x € R, J, stands for the Dirac measure supported on x.
Finitely atomic positive measure on R :

£
p=> pibg, pj>0,x€R
j=1

The points x; are called atoms of the measure i and the constants p; the
corresponding densities.
The evaluation at oo is the linear functional, defined by

D
eV R[X]go — R, Z kak — fD.
k=0

Allowing ev., to be a part of a finitely atomic positive measure p, we call u a
generalized measure.
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Gaussian quadrature

Definition : Suppose D is a positive integer and p is a measure on R whose
moments up to degree D exist and are finite. A quadrature rule of degree
D for p is a finite set N C R together with w : N — Ry with

/fdu = Z w(x)evy(f) forall f e R[t]<p.

xeN



|
Gaussian quadrature

Definition : Suppose D is a positive integer and p is a measure on R whose
moments up to degree D exist and are finite. A quadrature rule of degree
D for p is a finite set N C R together with w : N — Ry with

/fdu = Z w(x)evy(f) forall f e R[t]<p.

xeN

A Quadrature rule for p which contains the smallest number of atoms is
called Gaussian quadrature rule (GQR).
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Truncated moment sequence

A real sequence

T = PY(D) - (70)717 e 77D) € RD+1

of degree D, D € NU {0}, is said to be R— truncated moment sequence if
there exists a positive Borel measure 1 on R, such that

’y,-:/x"du, 0<i<D.
R

If such a measure exists, we say that 7 has a R—representing measure (R—rm).
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Moment matrix

Let D=12d, d € N. For ¢ € N, ¢ < d the Hankel matrix of size (¢ + 1) x (£ + 1)

corresponding to the sequence -y is defined by
1 X X2
1 [ m Y2

X T2
041

Mg = ('7i+j*2),',j:1 = Xx2 2

XL Ye eyt

and is called the /—th truncated moment matrix of .
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Moment matrix

Let D=12d, d € N. For ¢ € N, ¢ < d the Hankel matrix of size (¢ + 1) x (£ + 1)
corresponding to the sequence -y is defined by

1 X X2 x*t
1 % m v - Yo o]

X T2 Ye+1
. 4+1 . .
Me = (Yitj-2)ijor = x2 V2

: . : : Y2r—1
XL ve verr v Y2e-1 Y

and is called the /—th truncated moment matrix of v.For i,j € NU {0}, i < d,
j<d, let

- -
"E'J) = (7i+r71)1§r<4'+1 € R
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Using this notation, we have that

Mo= (g o ).
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Using this notation, we have that
d d
Md—(v(()) vg)).

For p(x) = Zf:o ajx" € R[x] we define the evaluation p(X) on the columns of
the matrix M, by

¢
p(X) = apl+ Z aiX',
i=1

where 1 and X' represent the columns of M, indexed by these monomials. Then
p(X) is a vector from the linear span of the columns of M,.
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Using this notation, we have that
d d
Md—(v(()) vg)).

For p(x) = Zf:o a;x" € R[x] we define the evaluation p(X) on the columns of
the matrix M, by

‘
p(X) = apl+ Z aiX',
i=1
where 1 and X' represent the columns of M, indexed by these monomials. Then

p(X) is a vector from the linear span of the columns of M. If this vector is the
zero one, then we say p is a column relation of M,.
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The rank of v, denoted by rank~, is defined by

d+1, if My is nonsingular,
rank vy =

i

min {i: w9 e span{v(()d), e ,v,(-d_)l}} , if My is singular.
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The rank of v, denoted by rank~, is defined by
d+1, if My is nonsingular,

ranky =
7 min {i: v,(-d) € span{vgd), e ,v,(-d_)l}} , if My is singular.

If ranky < d + 1, we say that ~ is singular. Else v is nonsingular.
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The rank of v, denoted by rank~, is defined by

d+1, if My is nonsingular,
rank vy =

min {i: v,(-d) € span{vgd), e ,v,(-d_)l}} , if My is singular.
If ranky < d + 1, we say that ~ is singular. Else v is nonsingular.

We call v positively recursively generated (prg) if for r = rank m the following
two conditions hold :

@ M, _q is positive definite.
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The rank of v, denoted by rank~, is defined by

d+1, if My is nonsingular,
rank vy =

min {i: v,(-d) € span{vgd), e ,v,(-d_)l}} , if My is singular.
If ranky < d + 1, we say that ~ is singular. Else v is nonsingular.

We call v positively recursively generated (prg) if for r = rank m the following
two conditions hold :

@ M, _q is positive definite.
Q If r < d+1, denoting

(@03"'7%01’71) Mr 1V( )a

the equality
Y = PoYj—r + -+ Or-17j-1

holds for j =r,...,2d.
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If v is singular and prg, we call

r—1
pe(x) = x" = pix’ € R[x],
i=0

with ¢; as in (2), the generating polynomial of ~.
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Localizing moment matrices

Let v = {7i}2,. The Riesz functional L : R[x]<p — R of 7 is defined by

L(x):=~;, 0<i<D.
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Localizing moment matrices

Let v = {7i}2,. The Riesz functional L : R[x]<p — R of 7 is defined by
L(xi) =, 0<Zi<D.
For f € R[x]<p, an f-localizing moment sequence # of 7 is

f) _(f f i
Foyi= (8080 ) = L),
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Localizing moment matrices

Let v = {7i}2,. The Riesz functional L : R[x]<p — R of 7 is defined by
L(xi) =, 0<Zi<D.
For f € R[x]<p, an f-localizing moment sequence # of 7 is

f) _(f f i
Foyi= (8080 ) = L),

‘Hs : moment matrix of the sequence f -+ and is called a f—localizing moment
matrix.
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We write H¢(¢) for the ¢-th truncated moment matrix of f - 7, i.e.,

1 X X2 Xx*
G f f £ 7
1 [ A7 A0 A P
f f . . f
B
(0 .
He(l) = (7’*1’2);1‘:1 - x ’Yéf)
: ) . ) ’Yéé)fl
f f f f
o Lo o,
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Elementary symmetric polynomials :

Let d; € N and

ei(x1,. .., Xq) 1= E Xj,Xj - X,

1<j<je<...<ji<dy

stand for the i-th elementary symmetric polynomial in variables x1, ..., x4, . Given
distinct real numbers xq, ..., x4, let € stand for €;(xi, ..., xq ). In particular,

di
=1 e = E X;, € = E XiXj, ...,  €dy = X1X2 ' Xdp. (0.0)
i=1

1<i<j<d
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Theorem (Curto, Fialkow,1991)

Let d € N and v = (Y0, - -,72d) € R?¥*1 with o > 0. The following statements
are equivalent :

@ There exists a R—representing measure for .
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Theorem (Curto, Fialkow,1991)

Let d € N and v = (Y0, - -,72d) € R?¥*1 with o > 0. The following statements
are equivalent :

@ There exists a R—representing measure for .

@ There exists a (rank y)—atomic R—representing measure for .
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Theorem (Curto, Fialkow,1991)
Let d € N and v = (Y0, - -,72d) € R?¥*1 with o > 0. The following statements

are equivalent :

@ There exists a R—representing measure for .
@ There exists a (rank y)—atomic R—representing measure for .

@ v is positively recursively generated.
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Theorem (Curto, Fialkow,1991)

Let d € N and v = (Y0, - -,72d) € R?¥*1 with o > 0. The following statements

are equivalent :
There exists a R—representing measure for -y.
There exists a (rank y)—atomic R-representing measure for ~.

v is positively recursively generated.
My is positive semidefinite and rank My = rank .

© €6 6 6 6

One of the following statements holds :
@ My is positive definite.
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Theorem (Curto, Fialkow,1991)

Let d € N and v = (Y0, - -,72d) € R?¥*1 with o > 0. The following statements

are equivalent :
There exists a R—representing measure for -y.
There exists a (rank y)—atomic R-representing measure for ~.

v is positively recursively generated.
My is positive semidefinite and rank My = rank .

© €6 6 6 6

One of the following statements holds :

@ My is positive definite.
@ My is positive semidefinite and rank My = rank My_1.
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Moreover, if a R—representing measure for y exists, then :

@ If r < d, then the R-representing measure is unique and of the form

p= Y"1y pidx, where xi,...,x, are the roots of p,)

— r—1
and (pi)i—o = (Xll,...,xm)"(() )
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Moreover, if a R—representing measure for y exists, then :

@ If r < d, then the R-representing measure is unique and of the form
p= Y"1y pidx, where xi,...,x, are the roots of p,)
and (pi)io = Voo V5 -

(X17"'1Xm)

@ If r =d+ 1, then there are infinitely many R-representing measures for ~.
All (d + 1)-atomic ones are obtained by choosing v¢1+1 € R arbitrarily,
defining Yok12 1= (v&?l)T(Md)*lvfﬁzl, and using (i) for
3= (70 -+ s Y2d+1, Y2d+2) € R*F3.
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Problem [G. Blekherman, M. Kummer, C. Riener, M. Schweighofer, C.
Vinzant]

Given dy,d> > 1, a degree D := dy + 2d> — 1 sequence

’V(D) = (/Vov’yla s 7’YD) € RD+1

such that the moment matrix ML%J is positive definite and real num-

bers x1, . .. x4, when does a (g)GQR with d; + d> nodes, containing
X1y .oy Xy, €XiSt?
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|
Main Theorem

Theorem : Let di,d> € N and xi,..., x4, € R be distinct real numbers. Let
D := d, + 2d» — 1. Assume that v = 7(P) = (v9,...,7p) € RP*! is a sequence
such that
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|
Main Theorem

Theorem : Let di,d> € N and xi,..., x4, € R be distinct real numbers. Let
D := d, + 2d» — 1. Assume that v = 7(P) = (v9,...,7p) € RP*! is a sequence

such that the moment matrix Mth is positive definite.
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|
Main Theorem

Theorem : Let di,d> € N and xi,..., x4, € R be distinct real numbers. Let

D := d, + 2d» — 1. Assume that v = 7(P) = (v9,...,7p) € RP*! is a sequence
such that the moment matrix Mo is positive definite. Let ¢ := efdl) be as in
(0.0) and

di
f(x) ::H X — X) Z( 1) ex®".

The following statements are equivalent :

1. There exists a (di + da)—atomic R-representing measure for v with d; atoms
equal to x1,...,Xq-

2. The following conditions hold :

(i) The localizing matrix H¢(dy — 1) is invertible.
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N
(i) Denote

di

(Ao Ar - Adr1)T = (H¢(dr — 1))_1(2( 1) eNdﬁdiL)

i=0
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(i) Denote
T 1 o
()\0 A - )\drl) = (Hf(dz—l)) (Z( 1)’ e,vd1+d1)7,)
i=0
let
d—1 di+dr—1
h(x) 1= F(x) (x% = D0 An') = xt - Z ol
i=0 i
&g(x)
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(i) Denote
T 1 !
()\0 )\1 ce )\dzfl) = (H{(dg — 1))_ (Z( 1) e’vd(fkdi) ,),
i=0
let
dr—1 di+dr—1
h(z) := f(x) (xd2 — Z )\;xi) = xhtd _ Z i’
i=0 i=0
g(x)
and let
_ { }D+d1 1

be the extension of 7, defined by Yy =y for 0 < u < D and

di+do

YD+t = Z Oditdp—iVDre—i for £=1,...,d —1
i=1

Rajkamal Nailwal (IMFM) Gaussian Quadratures with prescribed nodes 5th June 16 /24



(i) Denote
T 1 !
()\0 A1 e )\dzfl) = (Hf(dQ — 1))_ (Z( 1) e’vd(fkdi) ,)
i=0
let
d2—1 d1+d2_1
h(z) := f(x) (xd2 — Z )\;xi) = xhtd _ Z i’
i=0 i=0
g(x)
and let
— { }D+d1

be the extension of 7, defined by Yy =y for 0 < u < D and

di+do

YD+t = Z Oditdp—iVDre—i for £=1,...,d —1
i=1

The moment matrix Mgy, 14,1 of ¥ is positive definite.
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(i) Denote
T 1 !
()\0 A1 e /\dzfl) = (Hf(dQ — 1))_ (Z( 1) e,vd(llidi) ,)
i=0
let
d2—1 d1+d2_1
h(z) := f(x) (xd2 — Z )\;xi) = xhtd _ Z i’
i=0 i=0
g(x)
and let
— { }D+d1

be the extension of 7, defined by Yy =y for 0 < u < D and

di+d»
5D+g = Z (plerde,'aDJrfii for (= 1, ey d1 — 1.
i=1
The moment matrix Mgy, 14,1 of ¥ is positive definite.
Moreover, if the equivalent statements 1,2 hold, then the other atoms in the
measure are the zeros of the polynomial g(x).
Gaussian Quadratures with prescribed nodes 5th June 16 /24



|
1=2

We will see the proof of the theorem in the special case when
D =5,d; = 2,d, = 2. The moment sequence is m = {m;}?_, and the
corresponding moment matrix is

mo my  m2

My=|m m m3]| >0.
my M3 My
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|
1=2
We will see the proof of the theorem in the special case when

D =5,d; = 2,d, = 2. The moment sequence is m = {m;}?_, and the
corresponding moment matrix is

mo mp mp
My=|m m m3]| >0.
my M3 My

Let p = Z?zl pidx, be a representing measure of m with x; = x,x = y.

1 T T2 73 T4 75

Vo Vi %] V3 vy Vs
1 mog mip My M3 My msg
T my mp m3 Mg My Mme

T2 my m3 Mg M5 Mg my
T3 ms my mMs Mg My mg
T mg mMs Mg My mg Mg
T ms mg mM7y Mg Mg Mg

Ms =
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-
The generating polynomial for M5 is p(t) = (t — x)(t — y)(t — x3)(t — xa).
p(t) = (£ = (x + y)t + xy)(t* = (Ast + Xo))

1
=t — (x +y) 2+ xyt® = D N (T = (x+ y) T xpt).
i=0

By [CF91],
v p(T) =0, To(T) =0.
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The generating polynomial for M5 is p(t) = (t — x)(t — y)(t — x3)(t — xa).

p(t) = (% = (x + )t +xy)(t* = (At + o))
1
=t — (x +y) 2+ xyt® = D N (T = (x+ y) T xpt).
i=0
By [CFO1],
p(T) =0, Tp(T) = 0.

This yields that

o v — (x+y)vs+xyva = Yo Mi(Vari — (X + Y)viyi + xywi),

o vs — (x+y)va+ xyvs = Z}:o Ai(v34i = (X + y)vari + xyvit1).
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The generating polynomial for M5 is p(t) = (t — x)(t — y)(t — x3)(t — xa).
p(t) = (% = (x + y)t +xy)(t* — (At + Xo))
1
=t = (x +y) 2+ xyt® = D N (T = (x4 y) T 4 xpt)
i=0
By [CF91],
p(T) =0, Tp(T) =0.
This yields that
o vy — (x+y)vs + 3702 = 3o Milvari — (X + y)visi + xpvi),
o vs — (x+y)va+ xyvs = Z}:o Ai(v34i = (X + y)vari + xyvit1).
Note that
(a) (V3 —(x+yvat+txyvs va—(x+y)vs+xy v2) =

0 A
(v2 = O y)vi 439 vo W—@+HW+WW)Q ﬁ)
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(b) (V4—(X+y)V3+Xy vo vs— (x+y)va+ xy V3) _
0 A
(= (xty)vatxyvi vi—(x+y)vs+xyv) (1 Ai)
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(b) (va—(x+y)s+xyva vs—(x+y)va+xyv) =

- + 0 A
(vs—(x+y)vo+xyvi v —(x+y)vs+xyw) (1 )\‘;) .
Using (a) we get

(V47(X+y)V3+XyV2 Vs — (X+y)V4+XyV3) =

0 A 0 A
(vz—(X+}/)V1+XyV0 V3—(x+y)V2+xyV1) (1 )\(1))<1 )\(1)>'
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(b) (va—(x+y)s+xyva vs—(x+y)va+xyv) =
0 A
(= Gt yetn v (et (130
Using (a) we get
(V47(X+y)V3+XyV2 Vs 7(X+y)V4+XyV3) =

0 X 0 A
(vz—(X+}/)V1+XyV0 V3—(x+y)V2+xyV1) (1 )\(1)) <1 )\(1)>'
Consider

(V4 —(x+y)vs+txyve vs—(x+y)vs+xy V3)
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(b) (va—(x+y)s+xyva vs—(x+y)va+xyv) =
0 A
(= Gt yetn v (et (130
Using (a) we get
(V47(X+y)V3+XyV2 Vs 7(X+y)V4+XyV3) =

0 X 0 Xo
(vz—(x—l—y)vl—l—xyvo V3—(X—|—y)V2+va1) (1 )\1)<1 )\1>.
Consider
(V4—(X+y)V3—|—vaz V5—(x+y)V4+XyV3)
-(xty) (= (x+y)vo+xyvi vi—(x+y)vs+xyv)
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(b) (va—(x+y)s+xyva vs—(x+y)va+xyv) =
0 A
(= Gt yetn v (et (130
Using (a) we get
(V4 —(x+y)vst+xyva vs—(x+y)va+xy V3) =
(vz—(x—l—y)vl—l—xyvo V3—(X—|—y)V2+va1) 0 X 0 Ao
1 M\ 1 )
Consider
(V4 —(x+y)vs+txyve vs—(x+y)vs+xy V3)
-(xty) (= (x+y)vo+xyvi vi—(x+y)vs+xyv)
+ xy (V2 —(x+yvit+txyvw wvz—(x+y)w+xy vl)
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(b) (va—(x+y)s+xyva vs—(x+y)va+xyv) =
0 A
(= Gt yetn v (et (130
Using (a) we get
(V4 —(x+y)vst+xyva vs—(x+y)va+xy V3) =
(Vz—(X+y)V1+vaO V3—(X+y)V2+XyV1) 0 ) (0 Ao

1 M\ 1 )

Consider
(V4 —(x+y)vs+txyve vs—(x+y)vs+xy V3)
-(xty) (= (x+y)vo+xyvi vi—(x+y)vs+xyv)

+ xy (V2—(x+y)v1—|—xyvo V3—(X+y)V2+XyV]_)
:(vzf(x+y)v1+xyvo V37(X+y)V2+XyV1)
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(b) (va—(x+y)s+xyva vs—(x+y)va+xyv) =
0 A
(= Gt yetn v (et (130
Using (a) we get
(V4 —(x+y)vst+xyva vs—(x+y)va+xy V3) =
(Vz—(X+y)V1+vaO V3—(X+y)V2+xyV1) 0 ) (0 Ao

1 M\ 1 )

Consider
(V4 —(x+y)vs+txyve vs—(x+y)vs+xy V3)
-(xty) (= (x+y)vo+xyvi vi—(x+y)vs+xyv)

+ xy (V2—(x+y)v1—|—xyvo V3—(X—|—y)V2+va1)
:(vzf(x+y)v1+xyvo V37(X+y)V2+XyV1)

0 M\’ 0 o 10
3 e e 9]
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Key step :
—X1 1 0 0 _
LetA=[ 0 —4 1 0 ,A2_< . _1X (1’)
0 0 —-x 1 2
Then

A AL M3 ALAS = (V4 —(x+y)vs+txyva vs—(x+y)va+xy V3)
—(x+y)(—(x+y)vetxyvi va—(x+y)vs+xyv)

+xy (e —(x+y)v+xyvo vs— (x+y)va+xyv).
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2=1

We have

/7 : ’)/07 717 s 77d1+2d2—177d1+2d27 s 772d1+2d2—2'

and
Md1+d2—1 > 0.

Define Yo, +2d,—1, V2dy +24, recursively from h(x).
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M, +d, =

Md1 +dr—1

Ve +d>
Ydi+da+1

F)/dl +2dr—1
Ve +2d,

V2dy+2dr+1

Rajkamal Nailwal (IMFM)

f\/dl +d>

Ydi+do+1 -+ V2di+2da+1
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